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1. Introduction
Suppose that G is a finite group, p is a prime number, B is a p-block of G with
defect group D, and b is the Brauer first main correspondent of B . The Alperin–McKay
conjecture asserts that |Irr0(B)| = |Irr0(b)|, where Irr0(B) is the set of complex irreducible
height zero characters in B . In this note, we draw some consequences of this conjecture,
dealing with coprime actions, which seem not to have been noticed up to now.
Theorem A. Suppose that A acts coprimely on G. Let B be an A-invariant p-block of G
with A-invariant defect group D. Assume the Alperin–McKay conjecture. Then A fixes all
the characters in Irr(B) if and only if [D,A] = 1.
The if part of Theorem A is a nice consequence of A. Watanabe [12] of Dade’s theory
on Clifford extensions. The only if part seems deeper and needs, not only Alperin–McKay,
but, somehow unexpectedly, the generalized Gluck–Wolf theorem on character degrees [6].
Theorem B. Suppose that A acts coprimely on G. Let B be a p-block of G with
A-invariant defect group D. Assume the Alperin–McKay conjecture. Then A fixes all the
characters in Irr(B) if and only if A fixes all the characters in Irr0(B).
Of course, Theorem B is a sophisticated generalization of the fact that a p′-group A
centralizes a p-group P if and only if A centralizes P/P ′. We can also obtain a variation
of the above results which does not mention p-blocks.
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p-subgroup of G. Assume the Alperin–McKay conjecture. Then A fixes all complex
irreducible characters of G of degree not divisible by p if and only if [NG(P),A] = 1.
The Alperin–McKay conjecture, together with the Alperin weight conjecture, is the
origin of a series of increasingly stronger conjectures by E.C. Dade, which generalize
both of them simultaneously. Recently, we have made two refinements of Alperin–McKay
(which in fact might be applied to Dade’s conjectures). The first one deals with the
congruence type of the degrees in Irr0(B), while the second, with the action of a certain
subgroup of Gal(Q|G|/Q) on both sets Irr0(B) and Irr0(b) [4,10]. When studying actions
and blocks, it becomes clear that there should be a third refinement of Alperin–McKay
dealing with automorphisms. Perhaps, this could be a convenient place to write it down.
Conjecture D. Let B be a block of G with defect group D and let b be its Brauer first main
correspondent. Suppose that A acts on G stabilizing D. Then A fixes the same number of
characters in Irr0(B) as in Irr0(b).
Conjecture D, although looking as an innocent variation of Alperin–McKay, lies much
deeper and deserves attention. As pointed out to us by E.C. Dade, this Conjecture D is a
(not so well-known) consequence of his conjectures in [1].
2. Relative defect zero characters
Suppose that D is a normal p-subgroup of G and let µ ∈ Irr(D). We denote by rdz(G|µ)
the set of irreducible characters χ of G lying over µ such that
(
χ(1)/µ(1)
)
p
= |G : D|p.
Also, let dz(G) = {χ ∈ Irr(G) | χ(1)p = |G|p} be the set of irreducible defect zero
characters of G. (Hence, dz(G) = rdz(G|11).) In this section, we prove that there is a
natural bijection
dz(G/D) → rdz(G|µ),
whenever µ is G-invariant. With a slightly different point of view, this is essentially
included in [5]. Also, the approach here allows us to explore (under a more character
theoretical way) the characters in a block with a normal defect group (which was done
by W. Reynolds in [11]). This is, in fact, the aim of this section.
Given a G-invariant irreducible character µ of a normal p-subgroup D of G, we define
a class function µˆ on the set G0 = {x ∈ G | xp ∈ D}. If g ∈ G0, write Hg = D〈g〉. Then we
have that Hg/D is a p′-group, and therefore there exists a canonical extension µg ∈ Irr(Hg)
of µ (by Corollary 8.16 of [3]). In fact, µg is the unique extension δ of µ to Hg having
determinantal order o(δ) a power of p. We let
µˆ(g) = µg(g).
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on the p-regular elements of G.
Theorem 2.1. Suppose that D is a normal p-subgroup of G and let µ ∈ Irr(D) be
G-invariant.
(a) Let χ ∈ dz(G/D) and define χµ(g) = 0 if gp /∈ D, and χµ(g) = µˆ(g)χ(g) if gp ∈ D.
Then χµ ∈ rdz(G|µ).
(b) Let ψ ∈ rdz(G|µ). Define ψµ(gD) = 0 if gp /∈ D and ψµ(gD) = ψ(gp′ )/µˆ(gp′) if
gp ∈ D. Then ψµ ∈ dz(G/D).
(c) The maps χ → χµ (dz(G/D) → rdz(G|µ)) and ψ → ψµ (rdz(G|µ) → dz(G/D))
are inverse bijections.
Proof. By Theorem 3.1 of [9], let (G∗,D∗,µ∗) be an isomorphic character triple, with D∗
a central p-subgroup of G∗, such that for every D ⊆ H ⊆ G and δ ∈ Irr(H |µ), we have
that o(δ) is a p-power iff o(δ∗) is a p-power. Also, we use the notation ∗ :G/D → G∗/D∗
to denote the corresponding group isomorphism, and, in general, the notation of Section 3
in [9].
(a) We have that G/D ∼= G∗/D∗ and therefore we have χ∗ ∈ Irr(G∗/D∗) satisfying
χ∗((gD)∗) = χ(gD) for g ∈ G. Now, we define the class function ψ∗ on G∗ given
by ψ∗(x) = 0 if xp /∈ D∗ and ψ∗(x) = µ∗(xp)χ∗(xp′) if xp ∈ D∗. By Problem 8.12
of [3], we have that ψ∗ ∈ Irr(G∗). Notice that ψ∗(x) = µ∗(x)χ∗(1) for x ∈ D∗. Hence,
ψ∗ ∈ Irr(G∗|µ∗), and in particular, there exist a corresponding ψ ∈ Irr(G|µ) (with a slight
abuse of notation). Notice that ψ(1)/µ(1) = ψ∗(1)/µ∗(1) (by Lemma 11.24 of [3]), and
we have that ψ has relative defect zero with respect to µ. We wish to show that χµ = ψ .
First of all, χµ and ψ agree on elements g ∈ G such that gp /∈ D (by the main result in [2]).
Now, let g ∈ G such that gp ∈ D, and let H = D〈g〉, so that H/D = 〈gD〉 is a p′-group.
Notice that H ⊆ G0 and by Lemma 4.1(b) of [9], we have that ξ = µˆH is the canonical
extension of µ to H . Write (gD)∗ = g∗D∗, where g∗ is a p′-element of G∗. Hence,
H ∗ = D∗ ×〈g∗〉. Now, by using Gallagher’s Corollary 6.17 of [3], we may write ψH = ξρ,
where ρ is a character of H/D. Now, (ψ∗)H ∗ = ξ∗ρ∗, where ρ∗((xD)∗) = ρ(xD), by
character triple isomorphisms. Furthermore, since o(ξ∗) is a power of p, we have that
ξ∗ = µ∗ × 1〈g∗〉. Hence,
ψ∗
(
g∗
)= (ξ∗ρ∗)(g∗)= ρ∗(g∗)= ρ∗(g∗D∗)= ρ∗((gD)∗)= ρ(gD).
On the other hand,
ψ∗
(
g∗
)= µ∗(1)χ∗(g∗)= χ∗(g∗D∗)= χ(gD),
and we conclude that ρ(gD) = χ(gD) = χ(g). Therefore, ψ(g) = µˆ(g)χ(g), as desired.
(b) First of all, we claim that ψµ is a well-defined class function on G/D. Suppose that
gD = hD. Then gp ∈ D iff gD is a p′-element of G/D iff hD is a p′-element of G/D
iff hp ∈ D. In this case, hp′ and gp′ are D-conjugate, by elementary group theory. Hence,
ψµ(gD) = ψµ(hD) in all cases.
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of Theorem 9.13 of [8], we have that δ∗ ∈ dz(G∗/D∗), where δ∗(x) = 0 if xp /∈ D∗,
and δ∗(x) = ψ∗(xp′) if xp ∈ D∗ for x ∈ G∗. We wish to show that ψµ = δ, where
δ ∈ Irr(G/D) is such that δ(xD) = δ∗((xD)∗) for x ∈ G. Since δ has defect zero, we
know that δ(gD) = 0 if gD is not a p′-element (Theorem 8.17 of [3]). Hence, it suffices
to show that ψµ(gD) = δ(gD) for a p′-element g ∈ G. Again, write H = D〈g〉 and
H ∗ = D∗ × 〈g∗〉, where (gD)∗ = g∗D∗ and g∗ is a p′-element. Again, by Lemma 4.1(b)
of [9], we have that ξ = µˆH is the canonical extension of µ to H . Using the previous
argument, we have that ψ∗H ∗ = (µ∗ × 1〈g∗〉)ρ∗. Now
δ(gD) = δ∗(g∗D∗)= δ∗(g∗)= ψ∗(g∗)= ρ∗(g∗)= ρ∗(g∗D∗)= ρ(gD).
Hence, δ(gD)µˆ(g) = ψ(g), and
δ(gD) = ψ(g)/µˆ(g) = ψµ(gD),
as desired.
(c) Finally, we check that (χµ)µ = χ and (ψµ)µ = ψ for χ ∈ dz(G/D) and ψ ∈
rdz(G|µ). The first one is straightforward. To prove that (ψµ)µ = ψ , we easily see that
we need to prove that
ψ(g) = µˆ(g)ρ(g) = µˆ(g)ψ(gp′ )/µˆ(gp′),
whenever gp ∈ D. This is proved as follows. Let H = D〈g〉, and write ψH = µˆH ρ, where
ρ ∈ Char(H/D). Now, ρ(g) = ρ(gp′) = ψ(gp′ )/µˆ(gp′) and therefore
ψ(g) = µˆ(g)ρ(g) = µˆ(g)ψ(gp′ )/µˆ(gp′),
as desired. 
In Theorem 2.1, in the classical case where G = DCG(D), the values of the characters
χµ have a simpler form. Indeed, if gp ∈ D we claim that χµ(g) = µ(gd)χ(gp′). First,
notice that χ(g) = χ(gD) = χ(gp′). Also, we may write H = D〈g〉 = D×〈gp′ 〉, and then
µˆ(g) = µ(gp).
Theorem 2.2. Suppose that D is a normal p-subgroup of G such that G/DCG(D) is a
p′-group. Write C = CG(D) and let K/C be a p-complement of DC/C in G/C. Let
θ ∈ Irr(DC/D) be G-invariant with defect zero, and let θ¯ ∈ Irr(C/Z(D)) be the character
corresponding to θ under the natural isomorphism DC/D → C/Z(D). Let E be the
semidirect product of D with K/Z(D). Then there is a natural bijection
∗ :
⋃
µ∈Irr(D)
Irr(G|θµ) → Irr
(
E|θ¯).
Furthermore, if A acts on G stabilizing D, K and θ , then A acts naturally on E and the
action of A commutes with ∗.
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naturally on D by conjugation, via dg¯ = dg . The kernel of this action is C. Hence, C 
 E.
Now, every µ ∈ Irr(D) is CD-invariant, and therefore we have defined the characters
θµ ∈ Irr(CD|µ) having relative defect zero. Since (θµ)D is a multiple of µ, it is easy to
check that θµ = θδ iff µ = δ. Also, since θ is G-invariant, it is also easy to check that
(θµ)
x = θµx for x ∈ G. Therefore, we have that the inertia groups IG(θµ) = IG(µ) = Iµ
coincide.
Now, let ∆ be a complete set of G-representatives of Irr(D), and notice that
⋃
µ∈Irr(D)
Irr(G|θµ) =
⋃
µ∈∆
Irr(G|θµ)
and
⋃
µ∈Irr(D)
Irr
(
E|µ × θ¯)= ⋃
µ∈∆
Irr
(
E|µ × θ¯)
are disjoint unions (which do not depend on ∆). Therefore, it suffices to construct a natural
bijection
Irr(G|θµ) → Irr
(
E|µ× θ¯).
Now, since θ¯ is G-invariant, notice that IE(µ × θ¯ ) = IE(µ) = D(Iµ ∩ K). So by the
Clifford correspondence, we may assume that µ is G-invariant. Write µ¯ = µ × 1C ∈
Irr(D × C) and ˜¯θ = 1D × θ¯ , so that µ × θ¯ = µ¯ ˜¯θ . Now, µ¯ ∈ Irr(DC/C) is E-invariant,
and therefore there is a canonical extension ˆ¯µ ∈ Irr(E). By Theorem 6.16 of [3], there is a
natural bijection
Irr
(
E| ˜¯θ
)
→ Irr
(
E|µ¯ ˜¯θ
)
given by γ → ˆ¯µγ . Now, notice that the set Irr(E| ˜¯θ) can be naturally identified with
Irr(G|θ). Hence, to prove the first part of the theorem, it suffices to find a natural bijection
Irr(G|θ) → Irr(G|θµ). We claim that the map χ → χµ gives the desired bijection. Since
G/DC is a p′-group (and using Corollary 11.29 of [3]), we see that Irr(G|θ) ⊆ dz(G/D).
Also, Irr(G|θµ) ⊆ rdz(G|θµ). Hence, the map χ → χµ gives a bijection dz(G/D) →
rdz(G|θµ). It suffices to show that if χ ∈ dz(G/D), then χ lies over θ iff χµ lies
over θµ. But this easily follows from the construction of these characters. Finally, it is
straightforward to check the last assertion of the theorem. 
3. Main results
Throughout the rest of this paper, we use the notation for blocks in [8].
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A-invariant defect group D and let b be its Brauer first main correspondent. Assume the
Alperin–McKay conjecture. Then A fixes all the elements in Irr0(B) iff A fixes all the
elements in Irr0(b).
Proof. Arguing by induction on |A|, we may assume that A is cyclic. Let Γ = GA be
the semidirect product and note that N = NΓ (D) = ANG(D). Also, in both cases, notice
that B and b are A-invariant. Now, let b1, . . . , bs be the distinct blocks of N covering b.
By the Harris–Knörr Theorem 9.28 of [8], we have that B1 = (b1)Γ , . . . ,Bs = (bs)Γ
are exactly the distinct blocks of Γ covering B . By Theorem 9.26 of [8], notice that
all blocks b1, . . . , bs,B1, . . . ,Bs have defect group D. Now, let ∆ and Ξ be complete
sets of representatives of the A-action on Irr0(B) and on Irr0(b), respectively. By using
Theorem 9.2 of [8], it is clear that
s⋃
j=1
Irr0(Bj ) =
⋃
ν∈∆
Irr(GA|ν)
and
s⋃
j=1
Irr0(bj ) =
⋃
µ∈Ξ
Irr(N |µ)
are disjoint unions. Now, since A is cyclic, it follows that each ν ∈ ∆ extends to its inertia
group Tν , and by Gallagher’s theorem (Corollary 6.17 of [3]) it has |Tν : G| extensions.
(The same happens with each µ ∈ Ξ .) It then follows that
s∑
j=1
∣∣Irr0(Bj )∣∣=∑
ν∈∆
|Tν : G|
and
s∑
j=1
∣∣Irr0(bj )∣∣= ∑
µ∈Ξ
∣∣Tµ : NG(D)∣∣.
By the Alperin–McKay conjecture, we deduce that
∑
ν∈∆
|Tν : G| =
∑
µ∈Ξ
∣∣Tµ : NG(D)∣∣.
Assume first that all characters in Irr0(B) are A-invariant. Then the left-hand side of the
previous equation is |A||Irr0(B)|, while the right-hand side is
∑∣∣Tµ : NG(D)∣∣ |Ξ ||A| |A|∣∣Irr0(b)∣∣.
µ∈Ξ
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the lemma. The other part is done similarly. 
Theorem 3.2 below includes Theorem A of the introduction.
Theorem 3.2. Suppose that A acts coprimely on G. Let B be a p-block of G with
A-invariant defect group D. Assume the Alperin–McKay conjecture. If A fixes all the
characters in Irr0(B), then [D,A] = 1.
Proof. We argue by induction on |G|. We certainly may assume that A is a cyclic q-group
for some prime q . By Lemma 3.1, we may assume that D 
 G. By Theorem 9.9(b) of [8],
there exists a block B of G/D′ contained in B with defect group D/D′. Hence, all height
zero characters of B considered as characters of B also have height zero. If D′ > 1, then
by induction we will have [D/D′,A] = 1. Then, by coprime action [D,A] = 1, and the
proof of the theorem would be complete. Hence, we may assume that D is abelian. Hence,
by Theorem 9.23 of [8], we have that all irreducible characters in B have height zero. In
particular, all irreducible characters in B are A-invariant. Write D ⊆ C = CG(D). By the
Extended First Main Theorem 9.7 of [8], there exists a unique G-orbit of blocks e of C
inducing B . (Also, all these blocks have defect group D.) By Glauberman’s lemma (13.8
of [3]), we may choose e to be A-invariant. We know, by Theorem 9.12 of [8], that there is
a unique θ ∈ Irr(e) having D ⊆ kerθ . In particular θ is A-invariant. Furthermore, θ has de-
fect zero as a character of C/D. Using the notation in Section 2, which is the same notation
in [8], we have that Irr(e) = {θµ | µ ∈ Irr(D)} by Theorem 9.12 of [8]. Now, let T be the
stabilizer of θ in G (which by uniqueness, is the stabilizer of the block e in G). Notice that
T is A-invariant. By the Fong–Reynolds Theorem 9.14 of [8], let b be the unique block
of T covering e and inducing B . Also, b has defect group D. Again, by uniqueness, we
have that b is A-invariant. Now, by Theorem 9.14 of [8] (and its proof), we have that in-
duction of characters defines a height preserving bijection Irr(b) → Irr(B). This bijection
commutes with the action of A. In particular, we deduce that all height zero characters in
b are A-invariant. By induction, therefore, we assume that T = G. In particular, by Theo-
rem 9.22 of [8], we have that G/C is a p′-group. By Corollary 9.21 of [8], we have that B
is the only block of G covering e. By Theorem 9.2 of [8], we have that
Irr(B) =
⋃
µ∈Irr(D)
Irr(G|θµ).
Now, we wish to apply Theorem 2.2. Let E be the semidirect product of D with G/D. By
Theorem 2.2, we have that this group has a normal A-invariant subgroup N = C/D with
a character η ∈ Irr(N) such that all the characters in Irr(E|η) are A-invariant. Write π =
{p,q} and notice that the group EA/N is π -separable. We claim that if γ ∈ Irr(EA|η),
then γ (1)/η(1) has π ′-degree. Let τ ∈ Irr(E|η) under γ . Then τ is A-invariant, and by
Corollary 6.17 and Theorem 8.16 of [3], we have that γ = τˆ λ, where τˆ is an extension of
τ to EA and λ ∈ Irr(EA/E). Since A is abelian, we have that γ (1) is not divisible by q .
Since D is abelian, we also have that τ lies over some µ × η for some µ ∈ Irr(D) linear.
Now, τ (1)/η(1) is a p′-number (by using Corollary 11.29 of [3]), and so is γ (1)/η(1).
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EA/N is abelian. Therefore [D,A] ⊆ N . Thus [D,A] ⊆ D ∩N = 1, as desired. 
As a corollary of Theorem 3.2, we obtain Theorem B of the introduction.
Corollary 3.3. Suppose that A acts coprimely on G. Let B be a p-block of G with
A-invariant defect group D. Assume the Alperin–McKay conjecture. Then A fixes all the
characters in Irr(B) iff A fixes all the characters in Irr0(B).
Proof. Suppose that A fixes all the characters in Irr0(B). By Theorem 3.2, we have that
[D,A] = 1. Then we may apply Watanabe’s theorem. (See Theorem 4.3 below.) 
Next is Theorem C of the introduction.
Theorem 3.4. Suppose that A acts coprimely on G and let P be an A-invariant Sylow
p-subgroup of G. Assume the Alperin–McKay conjecture. Then A fixes all complex
irreducible characters of G of degree not divisible by p iff [NG(P),A] = 1.
Proof. Suppose that [NG(P),A] = 1. Then all blocks of NG(P) are A-invariant, and
therefore, so are all the blocks of maximal defect of G, by Brauer’s First Main Theorem.
Now, the irreducible characters of G of p′-degree are the height zero characters in those
blocks, and one half is proven (by using Watanabe’s Theorem 4.3 below). Conversely,
if all p′-degree irreducible characters in G are A-fixed, we deduce by Lemma 3.1 that
all irreducible characters in NG(P)/P ′ are A-fixed. By coprime action, we have that
[NG(P),A] ⊆ P ′. Also, we have that [P,A] = 1 by Theorem 3.2. Thus [NG(P),A,A] = 1
and by coprime action, we deduce that [NG(P),A] = 1, as desired. 
4. Watanabe’s theorem
The proof of Watanabe’s theorem is a consequence of a deep theorem of Dade on
Clifford extensions. In our opinion, a more direct proof might have some interest. And
this is what we do in this final section.
Lemma 4.1. Suppose that D is a normal p-subgroup of G. Suppose that η ∈ Irr(DCG(D)/
D) is such that η(1)p = |DCG(D) : D|p and T/DCG(D) is a p′-group, where T = IG(η)
is the stabilizer of η in G. If e is the block of η, then eG has defect group D.
Proof. We claim that e has defect group D and that IBr(e) = {η0}. Write N = CG(D). We
have that ηN ∈ Irr(N/N ∩D) has defect zero and D∩N ⊆ Z(N). By Theorem 9.13 of [8],
we have that the block of ηN has defect group D ∩N . By Theorem 9.26 of [8], necessarily
e has defect group D. By Theorem 9.12 of [8], the claim follows. In particular, we have
that T is the inertia group of e in G. By Theorem 9.22 of [8], the proof of the lemma is
complete. 
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the A-invariant irreducible characters of G and the irreducible characters of CG(A).
Lemma 4.2. Suppose that A = 〈a〉 acts coprimely on G, let Γ = GA be the semidirect
product and write C = CG(A). Let b be an A-invariant block of G with defect group D
 G
and assume that [D,A] = 1. Then there is a block bˆ of Γ covering b and g = ca ∈ Γ such
that c ∈ CC(D), the class K = clΓ (g) has defect group D and
λ
bˆ
(
K̂
) = 0.
Proof. Since A ⊆ CΓ (D) 
 GA, we have that A centralizes G/CG(D). Hence G =
CCG(D), by coprime action. Let M = DCG(D) 
 G. Arguing as in the proof of
Theorem 3.2, there is an A-invariant block e of M such that eG = b. Also, there is a
unique η ∈ Irr(e) such that D ⊆ kerη. Furthermore, η(1)p = |M : D|p and T/M is a p′-
group, where T = IG(η). Now, we have that M ∩ C = (C ∩ D)CC(D) = DCC(D). Now,
η∗ ∈ Irr(M ∩ C/D) has defect zero by the first theorem in Section III of [7]. Also, T ∩ C
is the inertia group of η∗ in C by Lemma 2.5 of [13]. Now, if e∗ is the block of η∗, we
have by Lemma 4.1 that b∗ = (e∗)C has defect group D. Now, let ψ ∈ Irr(T |η) be A-in-
variant (Theorem 13.31 of [3]) and let χ = ψG ∈ Irr(b). Notice that χ has defect zero
as a character of G/D. We have that ψ∗ lies over η∗ and χ∗ = (ψ∗)C by Lemma 2.5
of [13]. Since ψ∗ lies over η∗, we have that χ∗ ∈ Irr(b∗). Also, notice that χ∗ has
defect zero as a character of C/D. Now, let L = clC(c) be a defect class for b∗. In
particular, D ∈ Sylp(CC(c)) and λb∗(L̂) = 0. Let g = ca and K = clΓ (g) . We have that
CΓ (g) = CΓ (c)∩ CΓ (a) = CΓ (c)∩AC = ACC(c), and therefore K has defect group D.
Now, let χˆ ∈ Irr(Γ ) be the canonical extension of χ , and let bˆ be the block of χˆ . It remains
to show that λ
bˆ
(K̂) = 0. We know that χˆ(g) = χ∗(c) for some sign  by Theorem 13.6
of [3]. Also, recall that χ(1) divides |G : C|χ∗(1), by Problem 13.2 of [3]. Furthermore,
(|G : C|χ∗(1)/χ(1))
p
= |G : C|pχ∗(1)p/χ(1)p = 1.
Now,
λ
bˆ
(
K̂
)= (∣∣Γ : CΓ (g)∣∣χˆ(g)/χ(1))∗ = (∣∣G : CC(c)∣∣χ∗(c)/χ(1))∗
= ∗λb∗
(
L̂
)(|G : C|χ∗(1)/χ(1))∗ = 0,
as desired. 
Theorem 4.3 (Watanable). Suppose that A acts coprimely on G and let B be an
A-invariant block of G with defect group D. If [D,A] = 1, then A fixes all irreducible
complex characters in B .
Proof. We may assume that A = 〈a〉. Let N = NG(D) and let b be the Brauer first
main correspondent of B , which by uniqueness is A-invariant. Let Γ = GA be the
semidirect product, and notice that NΓ (D) = NG(D)A. By Lemma 4.2, there is a block bˆ
480 G. Navarro / Journal of Algebra 275 (2004) 471–480of NΓ (D) covering b and g = ca, where c ∈ CC(D), such that the class L = clNΓ (D)(g)
has defect group D and λ
bˆ
(L̂) = 0. Now, let B̂ = (bˆ)Γ (which we know that covers B by
Theorem 9.28 of [8]). Also, notice that bˆ has defect group D since A is a p′-group, and
therefore B̂ has defect group D by Brauer’s First Main Theorem. Now, let K = clΓ (g)
which we know that has defect group D and K ∩ CΓ (D) = L, by Lemma 4.16 of [8]. By
Theorem 4.14 of [8], we conclude that
λB̂
(
K̂
)= λ
bˆ
(
L̂
) = 0.
Finally, let χ ∈ Irr(B) and by Theorem 9.4 of [8], let ψ ∈ Irr(B̂) over χ . Assume that χ is
not A-invariant. If T is the inertia group of χ in Γ , then we have that T < Γ . Now, by the
Clifford correspondence ψ is induced from a character of T and we deduce that ψ(g) = 0
since no conjugate of g = ca lies in T . Then ωψ(K̂) = 0, and this is a contradiction. 
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